In this paper, we mainly discuss an empirical study of option prices under the hybrid Brownian motion model developed by [1] . In a specific case of parameters, we have a simple transition probability density function that has a fattailed feature as time passes. We show some empirical evidences that the feature of the model reflects the real market price movements in Japanese stock market. Furthermore, we make a performance comparison between the hybrid model and the BS model using Nikkei 225 call options. In general our results show that the hybrid model is slightly better than the BS model.
Introduction
Measuring the risk of financial assets and pricing the financial instruments such as options are very important for financial institutions and other companies. In this area, the normal distribution is commonly used as a distribution of stock return and the Black-Scholes (BS) model based on the normal distribution is mostly used in practice. But fat-tailed and non-normal distributions of stock return are shown by plenty of empirical evidences. As early as 60s, [2, 3] suggested the use of heavy tailed distributions to describe daily returns. Reference [4] compared the stable distribution and t-distribution for stock prices of United States. Reference [5] presented an empirical evidence of the normal inverse Gaussian distribution and t-distribution in the European market. As to Japanese market, [6] extensively studied on a Pearson type distribution and made an empirical study in Japanese stock market.
The financial crisis of 2007-2009 made it clear that the extreme movements of stock return were much more likely than normal distribution. After the financial crisis the world financial market has become more and more turbulent. European sovereign debt crisis is getting worse and the governors of EU are trying to solve the problem. The companies in Japan also suffered the loss from aftermath of the earthquake in northern Japan in March 2011.
Based on the facts mentioned above, we need a new approach which reflects the fat-tailed property to evaluate financial assets and instruments. In the paper, we investigate validity of a stochastic differential equation (SDE) that is a hybrid of arithmetic and geometric Brownian motion introduced by [1] . They made an analysis on a model of the market that involves two types of market participants such as fundamental traders and technical traders. Through the analysis they pointed out that the log-return approximately follows such a hybrid Brownian motion.
When we specify some parameter values, we can explicitly derive a transition probability density and the variance of its distribution is increasing exponentially as time passes. This special case might reflect the real market movements in short term especially in some situations like financial crises. We have fitted the model to the Japanese stock market. We show the distribution can describe the market well compared with normal distribution if we focus on the short term or daily.
A well-known empirical bias associated with the BS model is the volatility smile which is shown by [7] etc. The volatility is assumed to be constant in the BS model, but realized volatility of underlyings actually rise and fall over time. Corresponding to the observed volatility fluctuation, [8] introduced a stochastic volatility model and [9] gave a closed-form solution for option pricing under the stochastic volatility model. Reference [10] has made a thorough empirical study about the performance of the stochastic volatility model. When volatility is merely a function of the current asset level and time, we have a local volatility model which is a useful simplification of the stochastic volatility model. The local volatility model is developed by [11] . The hybrid model is a kind of local volatility models.
To show the performance of the hybrid model in option pricing empirically, we compare the performance between the hybrid model and the BS model using Nikkei 225 index options. Since we cannot get a closed-form option pricing formula under the hybrid model, we implement the risk neutral option pricing by applying a trinomial tree method. We compare two models in an insample parameter estimation and an out-of-sample pricing performance. Our empirical evidence indicates that generally the hybrid model is slightly better than the BS model.
The rest of the paper is organized as follows. Section 2 introduces the hybrid Brownian motion model and its special case. We can use this special case to describe the turbulent financial environments. Section 3 discusses fattailed property of the model. If we focus on distributions of daily returns, we can find that the model can fit the market data well. Section 4 shows the results of our empirical studies on comparison of option pricing under the hybrid model with that under the BS model and discusses some performance issues. Section 5 is our conclusion.
The Hybrid Brownian Motion

A General Model
We consider a market containing a stock with share price at time . The log-return t t S 0 t  X is given by
. Reference [1] introduced a hybrid SDE mixing both arithmetic and geometric Brownian motions to describe fluctuation of t X . They make a model of market with two different types of agents. One set of agents consists of fundamental traders acting independently of the current value of t X . The other set consists of technical traders that trade based on the historical val-
They show that after some appropriate linearization and approximation, the aggregation of those two type trader's impacts on the log-return of stock prices leads to a general form of the hybrid SDE; 
The model has five parameters 1
 and  . W can explain them intuitively. 1 e  is t fundamental volatility related to the economy. 2 he  is t investor volatility related to the market confidence of investors. 1 he  is the drift related to the economy itself. 2  is the drift controlled by the investor sentiment.  represe s the relationship between the two volatilities above. nt
A Special Case
Although there might be some positive or negative relationship between 1 W and 2 W , investors cannot get the accurate information about the relationship because of information asymmetry in the financial market. They might just react randomly to the price of stock. So it might be reasonable to assume 0
nor influence to analyze the model especially for a short term. Thus we adopt such a special case that
Under the special case, [1] show the variance   t V X can be written in such a tractable form that 
We observe the momentum property from Equation  , the positive (negative) return will try to bring a positive (negative) return next day. This mean-reversion condition in turn allows an equilibrium to establish. In general, the transition probability density of t X is an integral of a hyper-geometric function of complex parameters. However [1] show that under this special case with 0   , the transition probability density   , f x t of t X is explicitly given by
We note that we do not have any closed form transition probability density except for this special case.
An Evidence of a Fat-Tailed and Non-Normal Distribution
We show evidence such that logarithmic returns of Nikkei 225 index follow a fat-tailed and non-normal distribution. We use daily closing prices of Nikkei 225 index from January 04, 2008 to September 30, 2011 which corresponds to 915 observations. Figure 1 shows normal QQ-plots for the corresponding logarithmic returns. For the Nikkei 225 index distribution, both tails are heavier than the Gaussian. Since our main interest is in the tails of the distributions, we use graphical logarithmic left and right tail tests employed by [5] to examine the fit in the tails. The graphical tests were performed as follows. Let   The circles correspond to the empirical data, the line plotted around the circles corresponds to the distribution Equation (4) , and the line deviating from the circles corresponds to the normal distribution. We can find the distribution Equation (4) fits the index daily return quite well.
Option Pricing and Empirical Tests
An Numerical Approach for Option Pricing
As we discussed in the previous sections, the hybrid model has some good features to describe the financial market. In some situations the pricing of options based on this model might be better than the traditional pricing based on the BS model. Since we cannot find a closed form option pricing formula under the hybrid model, we use a trinomial tree pricing method to derive the prices of European call options.
We assume that there exists a constant instantaneous risk-free rate and there does not exist any arbitrage opportunities. Let us define 
and where t W denotes the Wiener process under the risk neutral probability measure. 
where   a means the largest integer less than or equal to . At each node ( , , the risk-neutral transition probability is given by , where K denotes the strike price, and the risk-neutral transition probability has been calculated at every node, the current option price can be derived by cal-culating backwards from the final nodes to the initial node .
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Data Description
We use Nikkei 225 index call option prices for the empirical study. Options written on this index are the most actively traded European type contracts in Japan. We use daily closing prices of the premiums during October 2011. We also adopt three month TIBOR as the risk-free rate. For the simplicity we don't adjust for dividends. We divide the option data into several categories according to either the moneyness or the term to expiration. As to the moneyness, we classify an option contract as at-themoney (ATM) if 0.97
, in-the-money (ITM) otherwise. As to the term to expiration, we classify an option contract as short-term if days, medium-term if , long-term otherwise. Since the long term option contracts are traded scarcely, we exclude them from the test. 60 T  60 180 T  
Parameter Estimation and In-Sample Fit
In this section, we make some performance tests by comparing option pricing under the hybrid model with that under the BS model. We follow the approach taken by [10] . In order to apply the hybrid model for option pricing, we need to estimate the model parameters. Strike price K and time to maturity T are specified in the contract. We also know spot price S and interest rate r from the market. However, since structural parameters 1  and 2  are unobservable, we estimate them as follows. First collect N prices of Nikkei 225 index call options on a given day in October 2011. For each 1, , n N   , let n and n T K be respectively the time to maturity and the strike price of the n-th option. Let
n n C t T n denote the observed market price and
n n C t T n be the model price. For each n, we define a function of 1
n Then we estimate the parameters so as to minimize the sum of squared errors;
We employed the function optim in the R software to implement the minimization in Equation (5) . Daily averages of the estimated parameters are reported in Table 1 followed by the standard errors in the parentheses. denotes the total sum of squared errors and term. This is consistent with that the price feedback in volatility becomes larger and larger as time passes. of the hybrid model in the short term is better than that in the long term because option prices with the short term are affected heavily by the volatility fluctuations and the hybrid model can consider this kind of effect in option pricing. The performance among the out-of-the-money options is not as good as predicted, regardless to the time to maturities. However, we note that most of out-of-the- 
Out-of-Sample Performance
We have shown that the in-sample fit of the hybrid model is generally better than that of the BS model. However we could think that the improvement of the performance might be due to increase of number of the parameters. To deal with this concern, we next examine pricing performance of each model in the out-of-sample. In each day in October 2010, we first estimate the required parameters using the previous day's option prices by the same method used in the in-sample fit, and then we use them as inputs to compute current day's modelbased option prices. We measure the performance of each model by calculating the residual sum of squares. Our result is shown in Table 2 . Generally the hybrid model is slightly better than the BS model. Among others, the hybrid model of options in-the-money outperforms the BS model obviously. This might be due to the same reason as the results of the in-sample test since almost all the options in-the-money belong to the short-term category. However, since 2  changes significantly in dayto-day trading, the estimations may over-fit the prices of next day. Especially, both prices of the short-term options and those of at-the-money are affected by the most recent market changes. This may cause the performance of the hybrid model not to be better than expected.
Conclusions
In this paper we have made an empirical test of option pricing under the hybrid Brownian motion model introduced by [1] . In a specific case of parameters of the model, the variance grows exponentially and shows a fat-tailed property as time passes. These features of the model reflect the real market movements especially in some situations like financial crisis or some event driven by fluctuation. We have fitted the model to Japanese stock market. We have also implemented the performance comparison between the hybrid model and the BS model in two aspects as in-sample parameter estimation and out-of-sample pricing prediction.
Our empirical evidence indicates that generally the hybrid model is slightly better than the BS model. Since the actual pricing of options in the market is based on the Table 2 . Out-of-sample pricing errors.
